We analyze the interactions of ͑2 1 1͒-dimensional parametric solitons and demonstrate nonplanar beam switching in a bulk x ͑2͒ medium, which includes controllable soliton repulsion, spiraling, and fusion. An analytical model predicting the results of the soliton scattering is derived and verified by direct numerics.
Self-guided optical beams (or spatial solitons) have attracted substantial research interest because they hold a promise of ultrafast all-optical switching and controlling of light by light. Soliton interactions have been analyzed theoretically and experimentally, mostly for planar geometries, 1 and only recently experimental discoveries of stable ͑2 1 1͒-dimensional solitons in different nonlinear media 2 -4 prompted the experimental study of fully three-dimensional interactions between solitary beams. Experimental results demonstrating nonplanar interaction and spiraling of two incoherent beams in a photorefractive medium were reported recently. 5 However, since the appearance of an earlier paper on the soliton interactions, 6 no systematic analysis of nonplanar soliton interactions in a bulk medium has been developed of which we are aware.
In this Letter we present, for the first time to our knowledge, a theory of nonplanar (i.e., threedimensional) collisions of optical beams, taking the case of ͑2 1 1͒-dimensional x ͑2͒ solitons as an important and practical example. In particular, we derive an analytical model that describes soliton scattering, spiraling, and fusion, which provides a physical insight into and allows us to simplify significantly the analysis of beam interactions.
Spatial solitary waves in a quadratic ͓or x ͑2͒ ͔ nonlinear medium are known to exist because of parametric wave mixing and the nonlinear phase shift produced by cascaded nonlinearties. 7 Unlike three-dimensional solitons of an ideal Kerr medium, such solitons are stable in higher dimensions 8, 9 and were recently observed experimentally by Torruellas et al. 3 Because of the femtosecond scale of the nonlinear response of quadratic media, spatial x ͑2͒ solitons are potentially useful for practical realization of ultrafast all-optical switching in a bulk medium.
Soliton interactions in a planar geometry have been analyzed theoretically (see, e.g., Ref. 10) and were recently observed experimentally in a slab x ͑2͒ waveguide. The interaction of ͑2 1 1͒-dimensional solitons in bulk x ͑2͒ media has been analyzed only for special cases in which the trajectories of the interacting beams always remain in the same plane.
8,12
Here we present a theory of nonplanar collisions of x ͑2͒ solitary waves.
The basic equations that describe spatial solitons in a bulk x ͑2͒ medium have the following form (see, e.g., Ref. 8):
where x 1 ϵ ͑8pv 2 ͞c 2 ͒x ͑2͒ ͑v; 2v, 2v͒ and x 2 ϵ ͑16pv 2 ͞c 2 ͒x ͑2͒ ͑2v; v, v͒; z is the propagation distance; dk 2k 1 2 k 2 is the wave-vector mismatch between the harmonics; and
takes into account the effect of diffraction, where x and y are two transverse coordinates. We omit the walk-off term in Eqs. (1), assuming a special phasematching technique (e.g., quasi-phase matching 13 ). We normalize Eqs. (1) by measuring the transverse coordinates x and y in units of the input beam size r 0 and the propagation coordinate z in units of the diffraction length
where D ϵ z d dk and s ϵ k 2 ͞k 1 ഠ 2. The dimensionless parameter b is proportional to the nonlinearityinduced phase shift. Equations (2) are known to possess a fundamental family of stationary (i.e., z-independent) radially symmetric solitons.
can readily use Eqs. (2) to study soliton collisions numerically. However, for the purpose of physical insight, we f irst analyze soliton interactions, deriving a simplified dynamical model based on an effective particle approach. Following earlier research of Gorshkov and Ostrovsky, 14 we consider two coherently interacting x ͑2͒ solitary waves of equal peak intensities and radial symmetries as effective particles with internal degrees of freedom (soliton phases) moving in threedimensional space. Then, generalizing the approach suggested in Ref. 14, we derive an effective mechanical system for the solitons' collective coordinates. This mechanical model can be shown to correspond to a conservative system with the effective Lagrangian
where
and the integrand is calculated on the family of radially symmetric one-soliton solutions known numerically. 8 Therefore, for small relative soliton velocity C, the effective potential energy is
where the functions U 1 and U 2 are expressed in terms of the soliton overlap integrals (see Ref.
14 for details). The impact parameter s defines the distance between the trajectories of noninteracting solitons (Figs. 2 below) , and C ϵ ᠨ R 0 is the relative velocity between the solitons before the interaction.
When the distance between interacting solitons is large, the soliton interaction is determined by the tail asymptotics given by v͑r͒ ϳ exp͑2 p b r͒͞ p r and w͑r͒ ϳ exp͕2͓s͑2b 1 D͔͒ 1/2 r͖͞ p r. Therefore, asymptotic expressions for the energies U 1 and U 2 can also be estimated:
where A and B are determined numerically. The effective mechanical model defined by energy equation (3) can be used for predicting the outcome of soliton collisions. Importantly, interaction forces depend strongly on the relative phase c. For simplicity, here we concentrate on the case when U 2 ø U 1 and c 0, p. In the case of out-of-phase collisions ͑c p͒, the centrifugal force, defined by the f irst term of the effective potential U , and the direct interaction force, def ined by the second term U 1 ͑R͒cos͑c͒, are both repulsive. Therefore the effective particle cannot fall onto the force center; i.e., solitons cannot fuse [ Fig. 1(a) ]. The interaction conditions are different for in-phase soliton collisions ͑c 0͒. An interplay between the repulsive centrifugal force and the attractive interaction force leads to two qualitatively different regimes, schematically shown in Fig. 1(b) . For low relative velocities (or suff iciently large s), solitons cannot overcome the centrifugal portential barrier, and they spiral about each other. At higher velocities (or smaller s), soliton fusion can occur.
Our direct numerical modeling of Eqs. (2) Using the analytical model, we can analyze the possibility of stable spiraling configurations (or bound states) similar to those observed for incoherently interacting photorefractive solitons. 5 For two ͑2 1 1͒-dimensional x ͑2͒ solitons interacting coherently with a positive phase mismatch and U 1 ¿ U 2 the model [Eq. (3)] predicts the existence of a local minimum of the effective interaction potential U ͑R͒ at c 0 and R 0 ϳ 1. However, the approximate model of Eq. (3) is valid only for weakly overlapping solitons when R is large, and therefore this minimum is physically unrealizable because it is located in the region of the soliton fusion. In the opposite situation of negative phase matching U 1 and U 2 become comparable, and we indeed find a shallow local minimum of the potential U ͑R͒ at c p and R 0 ¿ 1. The spiraling configuration of two solitons that corresponds to such a local minimum would be stable if both mass coefficients in energy equation (3) were positive. Unfortunately, stability of the single solitons involved in the interaction always requires that M c , 0, 8 and therefore this extremum is a saddle point in the space ͑R, c͒, which means that no stable bound states of coherently interacting x ͑2͒ solitons are possible. Indeed, we have not been able to observe such states in direct numerical modeling of Eqs. (2) . We expect this rather general phenomenon to be valid for other types of solitary waves interacting coherently.
In conclusion, we have analyzed nonplanar collisions of ͑2 1 1͒-dimensional x ͑2͒ solitons and demonstrated controllable soliton-based all-optical switching determined by the initial soliton states, i.e., the soliton velocities, the relative phase, and the impact parameter. We have derived a mechanical model that provides a physical description of elastic soliton collisions in terms of an effective particle. The phenomenon of x ͑2͒ soliton scattering may find its applications in alloptical processing and switching in bulk media. Our approach can be readily generalized for analyzing interactions of higher-dimensional solitons (including socalled light bullets) in other types of nonlinear media.
